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Abstract: We determine the most general form of the covariant drag force exerted
on a quark moving through a fluid dynamical flow. Up to first order in derivative
expansion, our general formula requires the specification of seven coefficient func-
tions. We use the perturbative method introduced in arXiv:1202.2737 and find all
these coefficients in the hydrodynamic regime of a N = 4 SYM plasma. Having
this general formula, we can obtain the rate of the energy and momentum loss of
a quark, namely the drag force, in a general flow. This result makes it possible to
perturbatively study the motion of heavy quarks moving through the Bjorken flow
up to first order in derivative expansion.
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1 Introduction
The only thing that we obtain from heavy ion collisions experiment is the spectrum
of the hadrons coming out of a fireball. As it is well known, after such collision, a
new phase of system is produced which is the most strongly coupled matter known in
nature [1]. Having the spectrum of hadrons, we may phenomenologically find several
properties of the initial state and evolution of this hot and dense matter. Although
the right place to explore these phenomena is QCD, due to failure of perturbative
methods in the strong coupling regime, progress looks formidable.
As a well known replaced tool, the AdS/CFT duality [2, 3] has been trying to
investigate some aspects of the problem during recent years. In one of the preliminary
attempts in this direction, [4] and [5] computed the drag force exerted on a heavy
quark moving through a N = 4 SYM thermal plasma. Their computations are
based on studying of a classical string dynamics in a five dimensional AdS black
brane dual to the four dimensional boundary thermal plasma through which the
quark is moving. Based on their result, Horowitz and Gyulassy showed that the
AdS/CFT duality predicts a decreasing nuclear modification factor of bottom jets,
RAdSAA (pT ), while the pQCD energy loss gives an increasing R
PQCD
AA (pT ) [6].
On the other hand, there are some evidence confirming that just shortly after the
scattering, the evolution of the QGP is described with hydrodynamic approximation
(See [7] and references therein.). So to theoretically produce a more precise hadron
spectrum compatible with the one obtained from data, it seems necessary to take
the hydrodynamical evolution of the QGP into account. As it is well known, a rela-
tivistic fluid dynamical flow consistent with the final detected particles in the QGP
experiment is the Bjorken flow [8]. So our interesting problem would be computing
the rate of the energy loss of a heavy quark moving through such flow. To this end,
we must study the dynamics of a classical string in the gravity background dual to
a boundary Bjorken flow1.
Relatedly, the Fluid/Gravity correspondence [9] provides our desired dual back-
ground. Fluid/Gravity duality is able to perturbatively constructs the asymptotically
AdS5 background dual to every boundary fluid dynamical flow, order by order, in a
boundary derivative expansion. In [10] we explained ”how” to use this duality and
to compute the drag force in a general flow perturbatively . Then as an example we
computed the first order corrected drag force exerted on specific quarks in Bjorken
flow, i.e. the quarks constrained to move in the zero rapidity plane. More impor-
tantly, it should be noted that our method in [10] was not able to give the drag force
1It should be noted that in [6], the authors have used the AdS/CFT drag force replacing the
temperature with the zero order temperature of the Bjorken flow therein.
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exerted on a quark with non-vanishing initial rapidity. In this paper however, we give
a solution for the ”covariant drag force” in a general fluid dynamical flow, completely
answering the questions remained unresolved about a general quark moving through
The Bjorken flow.
Before proceeding further, let us exactly explain what we mean by the ”drag
force” and ”covariant drag force”. When an external quark moves through the
medium, the energy-momentum tensor of the medium is not conserved as before,
instead we have [11]:
∂νT
µν(x) = −fµδ3(−→x −−→x0(t)). (1.1)
As expected, the right hand side determines the volume density of the energy and
momentum pumped from the quark into the medium per unit time. 2 fµ is the
drag force and gives the rate of the energy and momentum loss of the quark. It is
clear that the drag force does not transform under Lorentz transformations as a four
vector. On the other hand, what we will refer to as the covariant drag force is:
F µ =
dpµ
dτ
= γ
dpµ
dt
= γfµ = γ (
dE
dt
,
d−→p
dt
). (1.2)
What we want to do in this paper is to compute F µ covariantly in a general fluid
dynamical flow and then to find the drag force fµ. To proceed, we first determine the
most general form of the covariant drag force up to first order in derivative expansion,
independent of AdS/CFT methods. This general four vector is given in terms of the
quark velocity, local fluid dynamical variables and their derivatives. At zeroth order,
namely ideal fluid, there is only one coefficient function which has to be specified.
In N = 4 SYM field theory, this coefficient has been already found [10]3. Rigorously
speaking, covariant drag force to this order may be given by:
F µideal(x) =
1
2πα′
1
b(x)2
((u˜.u(x))u˜µ + uµ(x)). (1.3)
At first order however, this formula acquires derivative corrections constructed from
fluid dynamical variables.4 Formally, the most general corrections may appear as the
following:
F µ(x) = (1 +
∑
i
αisi) F
µ
ideal(x) +
∑
i
βiv
µ
i (1.4)
where si(v
µ
i ) is a basis of on shell inequivalent one derivative scalars(vectors) and αi
and βi are unknown coefficient functions. As it will be discussed in detail throughout
the next section, there are three (three) inequivalent one derivative scalars (vectors)
2−→x = −→x 0(t) is the quark’s path in the medium.
3u˜µ stands for the quark velocity. uµ(x) and b(x) = 1
piT (x) define a dynamical flow compatible
with fluid dynamics equations. In addition, x refers to all space-time points.
4Recall that in[4],[5] and [10] and this work, it has been assumed that quark is dragging with
constant velocity through the medium.
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respecting symmetry considerations. We use the method we developed in [10] to
specify these six coefficient functions. We consider a quark moving through a general
fluid flow and compute the drag force in its rest frame (RF) at one instant of time.
Comparing the result with the covariant formula evaluated in the same situation, we
find six equations giving exactly these six coefficient functions. We therefore fully
compute the covariant drag force in a general fluid flow of a N = 4 SYM field theory,
up to first order in derivative expansion.
It is interesting to note that all βi functions turn out to be zero, meaning that the
vectorial structure of the drag force remains unchanged up to first order and just the
scalar factor is corrected5. This result is not predictable in the filed theory side and
is specifically obtained in the N = 4 SYM field theory field theory via holographic
computations.
Considering the Bjorken flow as the relevant fluid flow to the QGP experiments,
we successfully reproduce the results of [10] by use of our general covariant formula.6
In addition, having obtained the covariant drag force, one can simply find the drag
force exerted on a general heavy quark with arbitrary initial conditions in the Bjorken
flow; what we were not able to obtain in [10].
The paper is organized as it follows; in section (2) we determine the general
form of covariant drag force up to fist order in derivative expansion. In section (3)
we first briefly review how to compute the drag force via AdS/CFT and then apply
it to the case of a globally boosted thermal plasma. In section (4) we first glimpse at
the Fluid/Gravity duality then we outline in detail the structure of our perturbative
computations. Finally we will compute different components of covariant drag force
at one instant of time. In section (5), we proceed to exploit the results of previous
sections to fix the unknown coefficients in the general covariant drag force. In ad-
dition we argue on the importance of such covariant formula from the view point of
experiment. In section (6) we end with pointing the open questions.
2 The most general form of the covariant drag force
Let us recall the relativistic constraint on the proper force exerted on a particle 7
u˜µ F
µ = 0. (2.1)
This condition forces the covariant drag force to belong to the vector representation
of the SO(3) group orthogonal to the quark velocity u˜8. In Table 1 we have listed
5Notice that at zero order the there exists just one independent vector term.
6In [10], the corrections have been computed through a different manner.
7This constraint was truly met at ideal order in (1.3).
8This idea is reminiscent of the analogue idea used in preparing the first order energy-momentum
tensor of relativistic fluid dynamics in Landau frame[12].
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Type Data Evaluated in RF
Scalars S1 = u˜.u(x) u0(x)
S2 = b(x) b(x)
Vectors V µ1 = p˜
µνuµ(x) u
µ(x)
Table 1. Zero order data. SO(3) scalars and vectors. Note that p˜µν = u˜µu˜ν + ηµν
is the projection tensor on the three dimensional space-time orthogonal to u˜µ.
all scalars and vectors constructed by uµ(x), b(x) and u˜µ compatible with (2.1). As
it is clearly seen, there is only one appropriate vector term at ideal order. So the
covariant drag force at ideal order must be as the following:
F µideal(x) = ξ(S1, S2) p˜
µνuν(x) (2.2)
with ξ(S1, S2) the unknown scalar coefficient function.
In table Table 2 we have organized one derivative data. There exist both scalar
and vector derivative terms contributing to first order. Scalar one derivative terms
can contribute to the scalar factor of F µideal(x), while every vector one derivative
term may separately contribute to dreg force as an additive term. So to first order in
derivative correction, the most general covariant drag force is constructed by adding
a linear combination of si to ξ(S1, S2) accompanied by adding a linear combination
of vµi to ξ(S1, S2)-corrected drag force as the following:
F µ(x) =
(
1 +
3∑
i=1
αi(S1, S2) si
)
F µideal(x) +
3∑
i=1
βi(S1, S2) v
µ
i . (2.3)
Our goal is to determine the six coefficient functions, {αi(S1, S2)} and {βi(S1, S2)}.
It may be interesting to note that the condition (2.1) is automatically satisfied once
we use the SO(3) decomposition. It is because both F µideal(x) and v
µ
i are transverse
to u˜µ, by construction.
Before ending this section let us explain how we have arranged derivative terms
in different sectors of SO(3) group in Table 2. Recall that the basic one derivative
data are ∂µb and ∂µuν . Derivative terms in the scalar sector may be constructed by
contracting these basic data with each of uµ, u˜µ or ηµν . The reason is that scalar
terms are supposed to multiply by F µideal(x) which has been originally constructed
compatible with (2.1). In the case of vector terms however, we must contract p˜µν
with one-free-index derivative data.
3 Drag force in a thermal state of N = 4 SYM plasma
The starting point of the computations in hydrodynamic regime is to study the
problem in a thermal state. In this section we will investigate the motion of a quark
4
SO(3)
classification
All data Equations of motion Independent data
Scalars
u˜µu˜ν∂µuν
u˜µ∂νT
µν = 0
uµ∂νT
µν = 0
s1 = u˜
µu˜ν∂µuν
s2 = u˜
µ∂µb/b
s3 = u
µu˜ν∂µuν
u˜µ∂µb
uµu˜ν∂µuν
∂µu
µ
uµ∂µb
Vectors
p˜µαu˜β∂αuβ
P˜ µν∂αT
αν = 0
vµ1 = p˜
µαu˜β∂αuβ
vµ2 = p˜
µαu˜β∂βuα
vµ3 = p˜
µαuβ∂βuα
p˜µαu˜β∂βuα
p˜µαuβ∂βuα
p˜µα∂αb
Table 2. One derivative data.
in a strongly coupled thermal field theory through studying its dual gravity picture.
The problem in gravity side is to study the dynamics of a classical string with a
specific boundary condition in an asymptotically AdS5 background. Like [4] and [5],
we demand one end point of the string is to be constrained to move with a constant
velocity on the boundary. It is also required that the string to be trailed into the
bulk all the way from boundary to the horizon.
3.1 Dynamics of a classical string and drag force
In order to study the dynamics of string, we have to solve the equations of motion
(EoM) related to string’s degrees of freedom. Consider the Nambu-Goto action:
S = − 1
2πα′
∫
dτdσL = − 1
2πα′
∫
dτdσ
√−g σ ∈ [0, σ1] (3.1)
with g = detgαβ and gαβ = GMN∂αx
M∂βx
N the induced metric on the world-sheet. 9
We choose τ = t and σ = r to fix the reparametrization freedom on the world-sheet.
So the most general embedding of the string in the mentioned background may be
given in the following form:
xMsol(r, t) = (r, t, Xx(r, t), Xy(r, t), Xz(r, t)) (3.2)
where Xi(r, t), i = x, y, z are the string’s degrees of freedom. Throughout this paper,
we always prefer to write EoM in the form of world-sheet currents conservation law:
∂αΠ
α
M = fM α = t, r (3.3)
9Latin indices {M,N, · · · } have been used to denote bulk directions (r, t,−→x ), while α and β
indices refer to world-sheet coordinates (τ, σ).
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where
ΠαM =
∂L
∂(∂αxM)
= − 1
2πα′
√−g P αM , fM =
∂L
∂xM
. (3.4)
Let us quickly recall that in our picture, the end point of the string on the boundary
is identified with the quark in the plasma. So in order to compute the drag force
we have to compute the momentum current going down into the bulk at this end
point. It would be nothing except the ingoing momentum flux crossing the time-like
boundary of world-sheet, σ = σ1 path. Assuming n
α as the inward normal vector to
this path, it turns out that:
fµ = (
dE
dt
,
d−→p
dt
) = −Πµα nα.10 (3.5)
Since we are interested in firstly computing F µ, we need to an object that behaves
covariantly under the Lorentz transformations on the boundary. From (3.4) and
PMα = ∂αx
M , it is clear that Πµα n
α has not our desired property. Instead, P µα n
α
transforms covariantly and we can write:
F µ = γ(
dE
dt
,
d−→p
dt
) =
1
2πα′
P µα n
α. (3.6)
Our gauge choice explained above (3.2) leads to nα = (0,−1). So the only thing
which we need to compute is the value of P rµ on the boundary.
Our strategy is to solve (3.3) for three spacial boundary directions i ∈ {x, y, z}.
Since the Lagrangian of the string includes GMN , X
′
i(r, t) and X˙i(r, t)
11(see (A.1)),
we can choose one of the spacial directions, i.e. m, and write the Lagrangian in the
following simple form:
L =
√
AmX
′2
m + 2BmX
′
m + Cm . (3.7)
Expectedly, Am, Bm and Cm are expressed in terms of X˙m(r, t), X˙i˜(r, t) and X
′
i˜
(r, t)
where {˜i, j˜, ...} indices refer to the other two spacial directions (A.2). This choice
of notation extremely simplifies our next computations. Instead of solving EoM for
each of m directions, we derive X
′
m from the Π
r
m = ∂L/∂x′m:
X
′
m = −
Bm
Am
± πm
Am
√
B2m − AmCm
π2m − Am
, πm = −2πα′ Πrm . (3.8)
Then we demand the right hand side to be defined in the whole range of the radial
coordinate from the boundary to the horizon. This requirement fixes the value of
Πrm at just one depth in the bulk, namely the world-sheet horizon. Having the value
of Πrm at the world-sheet horizon, one can integrate equation (3.3) to find Π
r
m and
thereby P rm on the boundary.
10 Greek indices µ ∈ {t, x, y, z} refer to boundary directions.
11In this note, prime and dot stand for the derivative with respect to r and t.
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Direction Components of F µ The string profile
transverse F x = F y = 0 Xx(r) = Xy(r) = 0
boost F z = 1
2piα′
uz
b2
Xz(r) = uzb
(
arctan(br)− pi
2
)
Table 3. Review of the results for a quark in its RF in a thermal boosted plasma (in the
Eddington-Finkelstein coordinates).
In the next subsection we briefly explain how to compute the drag force in a
thermal plasma. Such computation will be essentially the same as computing drag
in the fluid dynamics regime at zero order in derivative expansion.
3.2 Quark in a globally boosted thermal plasma
Consider a thermal state in a N = 4 SYM plasma which has been boosted with a
global velocity uµ. The gravity dual to this state in AdS side may be written as:
ds2 = GMNdx
MdxN =
dr2
r2f(br)
+ r2(Pµν − f(br)uµuν)dxµdxν ,
f(r) = 1− 1
r4
, b =
1
πR2T
(3.9)
where, pµν = uµuν+ηµν is the projector tensor orthogonal to u
µ and ηµν = (−1, 1, 1, 1)
is the flat boundary metric 12. In a Lorentz frame where plasma is at rest, uµ =
(1, 0, 0, 0) and so (3.7) changes to the familiar form of an AdS5 black brane metric
[4, 5]. It should be noted that the metric given above is a four parameter family of
solutions for the Einstein equations.
For our next requirements, it is necessary to change the coordinates to the
Eddington-Finkelstein coordinates and implement the computations therein13. The
metric (3.9) in the Eddington-Finkelstein coordinates takes the following form:
ds2 = GMNdx
MdxN = −2uµdxµdr + r2(Pµν − f(br)uµuν)dxµdxν . (3.10)
We are interested in studying a quark in its RF where u˜µ = (1, 0, 0, 0). So uµ is
the global velocity of the plasma in the RF of the quark. For the sake of simplicity
we also assume uµ = (u0, 0, 0, uz). In order to solve the EoMs, we should attend to
this point that under transforming (3.9) to (3.10), all boundary coordinates remain
unchanged and only the time coordinate in the bulk transforms. Accordingly, we
must change the world-sheet time to Eddington-Finkelstein time as well.
In (A.3) we have discussed in detail how to compute the components of the drag
force in a globally boosted thermal plasma. We have presented the results in Table
3 14.
12T is the Hawking temperature of the AdS black brane and R is the radius of AdS which from
now on, we get it equal to one in our formulas.
13 In [10], it has been discussed in detail the importance of choosing this coordinates.
14We have assumed that quark is located at −→x = 0 on the boundary.
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4 Drag force in the hydrodynamic regime of N = 4 SYM
plasma
After determining the most general form of the covariant drag force in section(2),
our next goal is to determine the unknown coefficient functions in (2.3) in the N = 4
SYM field theory. On the other hand, Fluid/Gravity duality provides the dual gravity
of a general fluid dynamical flow in this field theory. So in this section we first briefly
review the the Fluid/Gravity duality and then explain in detail how to implement
perturbative computations on a classical string in gravity side.
4.1 Review of the Fluid/Gravity duality
Fluid dynamics studies long-wavelength peturbations in a thermal system. This
feature can be captured in local derivative expansion of physical quantities , i.e.
energy density, pressure, etc.. The order of every term in this expansion is determined
by number of its derivatives. Roughly speaking, the ratio of every term in a definite
order to the terms in one lower order, is of the order of 1/LT , with L the scale over
which the thermodynamic variables vary significantly. The system will be in local
equilibrium state if
1
LT
≪ 1. (4.1)
In this limit the scale of variations is so long that in each of fluid patches15 ther-
modynamic is dominant. So it makes sense to promote the equilibrium degrees of
freedom16 to become local functions of space and time. Local conservation of energy-
momentum tensor and thermodynamic equation of state will completely describe the
evolution of the system in the limit (4.1). This is ideal fluid description or zero order
fluid dynamics.
The greater the above ratio is, the more deviation from local equilibrium would
arise. So it will be needed to at least take the one derivative terms into account in
the expansion. In more quickly varying flows where 1/LT becomes greater, one also
might have to go beyond the first order and correct the expansion by adding terms
with more than one derivative.
In [9] it has been shown that there is a one to one map between fluid dynamical
flows of a N = 4 SYM field theory on the boundary and long-wavelength perturba-
tions of an AdS5 black brane in the bulk. This duality, i.e. the Fluid/Gravity duality,
is able to construct the five dimensional gravitational background dual to every given
four dimensional boundary flow, perturbatively order by order in a boundary deriva-
tive expansion.
15A region with the size of effective lmfp ∼ 1/T .
16In 4-dim there are four of them, T and three of uµ, (uµuµ = −1).
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4.1.1 Dual gravity of a boundary flow
Fluid/Gravity duality has been originally constructed for a general fluid dynamical
flow on the boundary without using its profile. The idea is to restrict the compu-
tations to be implemented within just one boundary patch. Fixing the value of the
temperature and velocity at one point, one can find the fluid profile over the whole
patch points via Taylor expansion. On the other hand using Eddington-Finkelstein
coordinates allows to extend this boundary patch into the bulk through a tube-wise
region and so all computations in gravity side reduces to solving Einstein equations
in this tube perturbatively, for full range of the radial coordinate. The final step is
to covariantize the obtained metric in boundary directions.
Requiring the slowly varying condition on uµ(x) and T (x), one may expect every
tube-wise region to become a local black brane solution (3.10), at zero orde:
ds2(0) = G
(0)
MNdx
MdxN = −2uµ(xα)drdxµ+ r
2
R2
(Pµν(x
α)−f(b(xα)r)uµ(xα)uν(xα))dxµdxν
(4.2)
where Pµν(x
α) = uµ(x
α)uν(x
α) + ηµν .
Going to next orders in perturbation, uµ(xα) and T (xα) will not be constant
over the patch points though. In any order of perturbation, we have to add some
appropriate derivative terms to the metric to make it a tube-wise solution in the
bulk to the given order. Note that added terms are generically constructed by the
derivatives of uµ and T . The first order corrections to the metric, G
(1)
MN elements,
are given by:
ds2(1) = r
2 b F (b r) σµν dx
µdxν +
2
3
r uµuν ∂λu
λ dxµdxν − r uλ∂λ (uνuµ) dxµdxν (4.3)
where
F (r) =
1
4
[
ln
(
(1 + r)2(1 + r2)
r4
)
− 2 arctan(r) + π
]
(4.4)
and
σµν = P µαP νβ ∂(αuβ) − 1
3
P µν ∂αu
α. (4.5)
In next subsection we argue how to use (4.2) and (4.3) to implement perturbative
computations in a patch.
4.1.2 Nature of derivative expansion
Let us restate that in hydrodynamic expansion, the order of every term is determined
by number of its derivatives. In order to explicitly observe the order of different terms,
it would be useful to regard u and b as functions of ǫ xα where ǫ is a parameter that
will be finally set to be one. Since every derivative of u and b produces a power of ǫ,
powers of ǫ count the order of terms in the expansion.
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According to our discussion in previous subsection, we have to perform our com-
putations within one patch. The reason for this is that we are studying the drag
force in a general flow with unknown dynamical profile. Practically we must express
every dynamical term in a Taylor expansion around an arbitrary point in the patch.
Let us clarify it by an example. Suppose we want to expand a metric element, H , in
derivative expansion up to first order. In contrast to the AdS black brane case, H
is not constant here and generically is a function of boundary coordinates through
fluid variables, λp(t,
−→x ) = {uµ(xα), b(xα)}17, and also of radial coordinate, r. So H
may be expanded in a patch as following18:
H(λp(t,
−→x ), r) = H(0)(λp(0, 0), r)
+ ǫ (−→x ∂−→x + t∂t)λp(0, 0)
∂H(0)
∂λp
(λp(0, 0), r)︸ ︷︷ ︸
Taylor
+ ǫ H(1)(λp(0, 0), r)︸ ︷︷ ︸
Hydrodynamic
+O(ǫ2).
In the first line we have demonstrated the zero order part of H that is exactly the
same as H in an AdS black brane metric with λp = λp(0, 0). This may simply recall
that zero order fluid dynamics in a patch is nothing except thermodynamics. The
first order corrections of H have been written in the second line; while the first term
comes from the Taylor expanding, the second one is a non trivial pure hydrodynamic
correction. Such non trivial correction is a combination of ∂λp terms which can be
specified via the Fluid/Gravity duality.
We can resume Taylor expansion and write H in the following compact form:
H(λp(t,
−→x ), r) = H(0)(λp(t,−→x ), r) + ǫ H(1)(λp(0, 0), r) + O(ǫ2) (4.6)
The really important point with this statement is that the first term does not have
to be taken into account as a fully local term. It must be only regarded as a local
function of xα = (t,−→x ) up to first order in Taylor expansion. So from now on, we
make the following convention: We mean by every local function, the summation of
zero and first order terms in its Taylor expansion.
4.2 Quark in the hydrodynamic regime of N = 4 SYM plasma
Let us recall that as far as the string profile in the bulk does not extend beyond a
tube, one can proceed to perturbatively solve the string EoMs. In [10] we showed
that using Eddington-Finkelstein coordinates, the string always lies in one tube and
perturbative computations is meaningful.
17We have labelled different variables with p.
18Notice that we have expanded H around the point (t,−→x ) = (0, 0).
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4.2.1 Expanding the metric to first order
Now we exploit what we have explained in previous subsection to rewrite the first
order corrected metric. Suppose at t = 0 at the quark position, −→x = 0, in its RF,
fluid velocity is given by:
uµ(0, 0) = (u0, 0, 0, uz); (4.7)
so the corrected metric in the neighbourhood of the quark can be written as:
ds2 =− 2u0 drdt− 2uz drdz + u
2
0
r2b4
dt2 +
u2z
r2b4
dz2 +
u0uz
r2b4
dtdz + r2ηµνdx
µdxν
+ G
(Taylor)
MN dx
MdxN + G
(1)
MN dx
MdxN
(4.8)
As a useful point, in next subsection we will show in detail that it will be possible
to implement the computations without dealing with ”Taylor” corrections. Before
proceeding we discuss about G
(1)
MN elements now. These are pure hydrodynamic cor-
rections that can be simply computed via (4.3) with applying the useful expressions
given below:
σtz =
uz
u0
∂zuz + uz ∂t ln b
σtt =
u2z
u20
∂zuz − u
2
z
u0
∂t ln b.
(4.9)
There is a delicate point with the expressions given above. In the Fluid/Gravity
duality, derivative corrections at first order have been introduced in terms of velocity
derivatives. The temperature derivatives have been eliminated in favour of them
via using fluid dynamics EoMs. However as it is clear in Table 2 we may deal with
temperature derivative terms throughout our computations, i.e. s2. Hence we must
reuse EoMs to restore such terms in all possible expressions. Using
∂µT
µt
(0) = 0, ∂µT
µz
(0) = 0 (4.10)
one can simply show: 19
∂zb =
b
u20
uα∂αu
z +
uz
u0
∂tb
∂µu
µ =
3
u0
(
uz
u0
uα∂αuz − ∂t ln b
)
.
(4.11)
This is why we see only ∂tb and ∂αuz in (4.9). Respecting all considerations mentioned
above, we will compute the drag force in the background with metric (4.8).
Before start trying to compute the drag force, we will briefly discus about struc-
ture of our perturabtive method in next subsection.
19Notice that σtz and σtt are not involved with the derivative terms in the other two equations
∂µT
µx
(0) = 0 and ∂µT
µy
(0) = 0.
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4.2.2 Structure of the perturbative method
In order to compute the drag force in the hydrodynamic regime we should first
expand Am, Bm and Cm in (3.8) up to first order in derivative. This expanding
includes both metric elements and components of the string profile, see (A.2). In
(4.1.2) we explained how to expand metric elements in a patch. However the situation
is a little bit different in the case of the string profile. Let us clarify this point now.
We may naturally expect:
Xi(r, t) = X
(0)
i (r, t) + ǫ X
(1)
i (r, t) + O(ǫ
2) (4.12)
where the process of generating zeroth order solution of the string is the same as
producing zero order metric (4.2). We must get the solution of the string in a thermal
system and replace thermodynamic variables with local hydrodynamic functions in
it, i.e. :
X(0)x (r, t) = 0
X(0)y (r, t) = 0
X(0)z (r, t) = uz(t, Xi) b(t, Xi)
[
arctan(b(t, Xi)r)− π
2
]
.
(4.13)
The very important point with this expression is the presence of Xz(r, t) not only
in left hand side, but also in the argument of the hydrodynamic variables in right
hand side! Notice that Xi(r, t) in right hand side is a function of uz(t, Xi) and
b(t, Xi); Xi itself; in the argument of these variables is also function of uz(t, Xi) and
b(t, Xi) and so on. Hence this equation behaves as a recursive formula for Xz(r, t).
However demanding Xz(r, t) to be computed at zero order simply truncates this
infinite recurrence.
According to discussion below (4.6), the locality of (4.13) is valid up to the first
order in Taylor expansion around every arbitrary point. It means that whenever
(4.13) is considered in a patch, it will also include a first order part. So up to first
order in derivative expansion we may write:
Xz(r, t) = uz(0, 0) b(0, 0)
[
arctan(b(0, 0)r)− π
2
]
︸ ︷︷ ︸
X
(0)
z (r)
+ ǫ X(Taylor)z (r, t)+ ǫ X
(1)
z (r, t)+O(ǫ
2)
(4.14)
In both one derivative corrections above, the hydrodynamic variables and their
derivative can be computed at any arbitrary point, for instance at (0, 0). Our strat-
egy is to perturbatively compute X
(1)
z (r, t) via correcting the location of
point at wich B2 −AC vanishes 20.
As we described in section(3.2), the expression B2m − AmCm has a simple root,
r∗, in the bulk of AdS black brane. Our main idea in hydrodynamic regime is
20At zero order, this point coinsides with the position of world-sheet horizon.
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that r∗ is perturbatively corrected order by order in derivative expansion. In what
follows we try to clarify some important points with perturbatively solving Em =
B2m − AmCm = 0.
In the language of section(4.1.2), we are interested in finding r∗, the root of Em.
So we must compute r∗(t) in the following equation up to first order:
Em
(
λp(t, X
∗
i (r
∗(t), t)) , r∗(t)
)
= 0. (4.15)
It should be noted that the time dependency of r∗ is originated from its dependence
on fluid variables, i.e. λp(t,
−→x ). Carefully rewriting:
r∗(t) := r∗
(
λp(t, X
∗
i (r
∗(t), t))
)
(4.16)
where r∗(t) is clearly present in both sides. As a result, this equation only expresses
r∗(t) implicitly. However up to first order in derivative expansion we can derive it
as:
r∗(t) = r∗(0)(λp(0, 0))+ǫ (X
∗
i ∂X∗i + t∂t)λp(0, 0)
dr∗(0)
dλp
(λp(0, 0))+ ǫ r
∗
(1)(λp(0, 0))+ O(ǫ
2).
In this equation r∗(0)(λp(0, 0)) := r
∗
(0) is nothing except the r
∗ introduced below (A.6)
whose λpterms have been replaced with λp(0, 0). Now we plague r
∗(t) in (4.15) and
expand Ez up to first order:
Ez = E
(0)
z (λp(0, 0), r
∗
(0)(0)) + ǫ (X
∗
i ∂X∗i + t∂t)λp(0, 0)
∂E
(0)
z
∂λp
(λp(0, 0), r
∗
(0)(0))
+ ǫ (X∗i ∂X∗i + t∂t)λp(0, 0)
dr∗(0)
dλp
(λp(0, 0))
∂E
(0)
z
∂r∗
(λp(0, 0), r
∗
(0)(0))
+ ǫ r∗(1)(0)
∂E
(0)
z
∂r∗
(λp(0, 0)) + ǫ E
(1)
z (λp(0, 0), r
∗
(0)(0)) + O(ǫ
2).
(4.17)
As it is clear, the second term in the first line and the term in the second line are
first order Taylor terms. Interestingly, they cancel out each other 21. E(0) as the
only zero order term in Ez gives r
∗
(0) = r
∗
(0)(λp(0, 0)) = constant. The remaining two
terms in the third line determine r∗(1).
In summary, we need only to work out the value of B2m − AmCm and its pure
hydrodynamic correction at the position of the quark. Setting Ez to zero, the former
one gives r∗(0) and r
∗
(1) can be computed via hydrodynamic correction part.
21We have used this fact that from a relation like F (x, y) = 0 one may deduce y′x =
− ∂xF (x, y)/∂yF (x, y).
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4.2.3 Drag force in the boost direction
Let us denote that by the boost direction here, we mean the direction of the fluid
velocity at the quark position in its RF. Having used (3.4) and (3.6), it is clear that
F z = Fz = lim
r→∞
P rz = lim
r→∞
(
1√−g Π
r
z
)
. (4.18)
To compute the covariant drag in the boost direction we only need to know the value
of Πrz on the boundary.
Following our explanations in last subsection, we try to specify zero and first
order parts of Az, Bz and Cz with λp terms computed at the quark position. Instead
of listing these coefficients here we directly proceed to compute B2z − AzCz with u
and b computed at the position of the quark (see (A.4.1) for more details.). Setting
(4.17) to zero, r∗(0) and r
∗
(1) turn out to be as the following:
r∗(0) =
√
u0
b
,
r∗(1) =
1
4 r∗3(0)
[
2u0uz
b4
X˙(0)z (r
∗
(0)) +
u0
b2
G
(1)
tt (r
∗
(0))
]
.
(4.19)
Now we demand (3.8) to be well-defined for the whole range of the radial coordinate.
It simply results in fixing the value of πz at r
∗
(0)+(1)(t), up to first order. Considering
the true direction for the energy and momentum flow on the world-sheet [10], we
may write:
πz
(
r∗(t), λp(t, X
∗
i )
)
= −
√
A
(0)
z (r∗(0)) − ǫ
A
(0)
z(Taylor)(r
∗
(0)) + r
∗
(1) A
(0)′
z (r∗(0)) + A
(1)
z (r∗(0))
2
√
A
(0)
z (r∗(0))
(4.20)
where
A
(0)
z(Taylor)(r
∗
(0)) = 4r
∗3
(0) (X
∗
i ∂Xi + t∂t)λp
dr∗(0)
dλp
+
4
b5
(X∗i ∂Xi + t∂t)b (4.21)
is the only time dependent term in (4.20). According to (4.16), π(r∗(t)) is a function
of the fluid variables computed at the point (t, X∗i ) which is different the quark
position. However the drag force is a function of fluid variables computed at the
quark position. To find πz at the desired point we should integrate (3.3) for M = z
from r∗(0)+(1) to the boundary:
Πrz
(
r, λp(t, Xi)
)
= Πrz
(
r∗(t), λp(t, X
∗
i )
)
+
∫ r
r∗(t)
(fz − ∂tΠtz) dr. (4.22)
There are two important points regarding this equation. Firstly, the integral term
in right hand side appears just at first order. The reason for this is that both terms
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in the integrand are boundary derivative terms. So we should take into account only
the zero order part of r∗ in the lower limit of the integral. Secondly, computing Πrz
at the the quark position, Xi = 0 at t = 0, removes explicit time dependency from
(4.22) (see (4.21)).
After rather tedious simplifications one reaches the following formula:
F z(λp(0, 0)) = F
z
(0) + ǫ F
z
(1) + O(ǫ
2)
= − 1
2πα′
(
−uz
b2
+ A ∂tuz + B ∂zuz + C ∂tb
b
)
(4.23)
with u0, uz and b the fluid variables at (t,
−→xi ) = (0, 0) and
A = 1
b
√
u0
u0
,
u0 B = −b C = 1
b
√
u0
u0
uz + U 1
b
(1 + u20)
u0
uz − F (
√
u0)
b
(1 + u20)
u0
uz ,
U = π
2
− arctan(
√
u0) .
(4.24)
One might worry about the absence of the other derivative terms in (4.23), like ∂xuz.
The point is that we have used the fluid dynamics equation of motion to eliminate
such terms. In our computations, the only source of these terms is ∂µu
µ appearing in
metric corrections. It is pretty simple to replace such term with the above-mentioned
derivatives in (4.23) by use of (4.11).
In (A.4), we have listed all intermediate steps related to the computations of this
subsection.
4.2.4 Drag force in the transverse directions
Notice that by the transverse directions here, we mean the directions orthogonal to
the fluid velocity at the quark position in its RF. Similar to the boost direction, the
only thing that we need to compute related to these directions is the value of Πrx,y
on the boundary. We have to firstly know the zero and first order parts of AT , BT
and CT with fluid variables computed at (t,
−→xi ) = (0, 0) (T stands for the transverse
directions; i.e. x,y.). The crucial point that extremely simplifies the expansion of
these coefficients is vanishing of the string profile in the transverse directions at zero
order (See (A.5) for more details.). Consequently it can be shown that the drag force
in transverse directions can be computed by use of just zero order parts of these
coefficients listed below:
A
(0)
T (λp(0, 0)) = r
4f(br)− u
2
z
b4
,
B
(0)
T (λp(0, 0)) = 0 ,
C
(0)
T (λp(0, 0)) = 1 .
(4.25)
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Like the z direction case, we assume B2T −ATCT vanishes at r∗T = r∗T (0) + ǫ r∗T (1). It
is simple to find r∗T (0) and r
∗
T (1) via expanding B
2
T −ATCT in the form of (4.17). As
it was explained below (4.17), Taylor contributions would precisely cancel. Solving
ET = 0 at zero and first order separately, one simply reaches to
22:
r∗T (0) =
√
u0
b
,
r∗T (1) = −
A
(1)
T
4 r∗3T (0)
.
(4.27)
Now, we compute πT
(
r˜T
∗(t), λp(t, X∗i ),
)
somewhat tricky. Consider the follow-
ing relation for the transverse momentm current on the world-sheet:
π⊥ =
A⊥X ′⊥ + B⊥√
g
(4.28)
Since B
(0)
⊥ = 0 and X
(0)
⊥ = 0, the numerator is at least of first. Therefore the
denominator has to be computed at zero order i.e. g(0) = 1. So to first order in
derivative expansion we may write:
π⊥(r
∗
⊥(0)) = B
(1)
⊥
=
(
u0u
2
z
F (
√
u0)
b
+ u20
√
u0
b
+ u0
U
b
)
∂tu⊥
+
(
−u20uz
F (
√
u0)
b
− u0
√
u0
b
+ uz
U
b
)
∂zu⊥
− u0F (
√
u0)
b
∂⊥u0
(4.29)
Computing the right hand side of the equation of motion:∫ ∞
r∗
⊥(0)
(f⊥ − ∂tΠt⊥) dr = −
1
2πα′
u0
b
U ∂tu⊥, (4.30)
one can finally give the transverse drag force as it follows:
F⊥(λp(0,~0)) = F
⊥
(0) + ǫ F
⊥
(1) + O(ǫ
2)
= − 1
2πα′
(D ∂tu⊥ + E ∂zu⊥ + F ∂⊥u0)
(4.31)
22Interestingly, by use of (A.18), it is pretty simple to show that
r∗T (1) = r
∗
(1). (4.26)
this equality can be regarded as a very good check of our computations.
where:
D = u0u2z
F (
√
u0)
b
+ u20
√
u0
b
,
E = −u20uz
F (
√
u0)
b
− u0
√
u0
b
+ uz
U
b
,
F = −u0F (
√
u0)
b
,
U = π
2
− arctan(
√
u0) .
(4.32)
Let us summarise. In this section we studied a quark moving through a general
flow of N = 4 SYM field theory. Our main achievement was computing the compo-
nents of the drag force exerted on quark, perturbatively, up to first order in derivative
expansion. Our results were specially obtained in the quark’s RF at t = 0 once the
fluid velocity at the quark position directed along z direction. In order to express
the drag force in a general frame at next times, in next section we covariantize the
results obtained in this section.
5 Covariant drag force in N = 4 SYM field theory
In section(2), we presented the most general form of first order corrected covariant
drag force in a general fluid flow with six unknown coefficient functions. Now, we
fix those coefficient functions in the N = 4 SYM field theory, by use of the results
obtained in previous section.
5.1 Specifying the coefficient functions in F µ
In order to compare the general covariant formula with the results of section(4), we
have to first rewrite the components of general F µ under the same conditions where
we obtained (4.23) and (4.31). Therefore we require components of F µ in the quark
RF at (t,−→x ) = (0, 0), assuming uµ(0,0) = (u0, 0, 0, uz) and u˜µ = (1, 0, 0, 0). Denoting
all these consideration and information listed in Table 4, we write spacial components
of general F µ at the quark position at t = 0
F x(λp(0, 0)) = σ1 ∂xu0 + σ2 ∂tux + σ3 ∂zux , (5.1a)
F z(λp(0, 0)) =
1
2πα′
(
1 + κ1 ∂tuz + κ2
∂tb
b
+ κ3 ∂zuz
)
uz
b2
(5.1b)
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SO(3) Type In dependent data Evaluated in RF
Scalars s1 = u˜
µu˜ν∂µuν u
−1
0 uz∂tuz
s2 = u˜
µ∂µb ∂tb
s3 = u
µu˜ν∂µuν u
−1
0 uz(−u0∂tuz + uz∂zuz)
Vectors vµ1 = p˜
µαu˜β∂αuβ p˜
µα∂αu0
vµ2 = p˜
µαu˜β∂βuα p˜
µα∂tuα
vµ3 = p˜
µαuβ∂βuα p˜
µα(uz∂zuα − u0∂tuα)
Table 4. First order derivative data evaluated in RF.
with
uz
b2
κ1 = −α3 uz + α1 uz
u0
, σ1 = β˜1, (5.2a)
uz
b2
κ3 = α3
u2z
u0
, σ2 = β˜2 − u0 β˜3, (5.2b)
uz
b2
κ2 = α2, σ3 = β˜3 uz . (5.2c)
where fot sake of simplicity, we have used βi = −2πα′β˜i.
Comparing F⊥ obtained in (4.31) and the one expressed through (5.1a) we simply
find:
β˜1 = s
2 F (s)
b
β˜2 = s
2 F (s)−G(s)
b
β˜3 =
G(s)− s4 F (s) + s3
b
(5.3)
with s =
√−S1 =
√−u˜.u(x) and:
G(s) =
π
2
− arctan(s)
F (s) =
1
4
[
ln
(
(1 + s)2(1 + s2)
s4
)
− 2 arctan(s) + π
]
.
(5.4)
In order to find αi function, we should compare F
z presented in (4.23) with (5.1b).
The argument in the last paragraph of (4.2.3) assures us that the three different
derivative terms appeared in (4.23) are fully independent. Correspondingly, the
same derivative terms have been appeared in (5.1b). So the comparison between
these equations results in three equations giving exactly three unknown αi function
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as the following:
α1 = b
G(s) + F (s)(s4 − 1)
1− s4
α2 =
s+ (G(s)− F (s))(s4 + 1)
s2
α3 = b
(G(s) + F (s))(s8 − 1) + s(1− s6)
s2(s4 − 1)
(5.5)
In summary, up to first order in derivative expansion, the drag force exerted on a
heavy quark, moving through a general fluid dynamical flow may be given by the
following formula:
F µ(0)+(1)(x) =
√
λ
2π b2
(
1 + α1 (u˜.∂)S1 + α2 (u˜.∂)S2 + α3 (u.∂)S1
)
wµ
+
√
λ
2π
(
β˜1 (u˜
µ(u˜.∂)S1 + ∂
µS1) + β˜2 (u˜.∂)w
µ + β˜3 (u.∂)w
µ
) (5.6)
where wµ = uµ+ S1 u˜
µ. Here
√
λ = 1/α′ where the λ is the related t’Hooft coupling.
5.2 Reproducing the result of arXiv:1202.2737 [10]
In [10] we have computed the drag force exerted on a transverse quark with zero
rapidity in Bjorken flow. In equation (6.15) and (6.16) therein, we have presented the
drag force in the quark’s RF. Although both [10] and the current paper have common
origins, there is a subtle difference which distinguishes them from each other. The
point is that the procedure used in [10] was clearly dependent on the fluid profile.
Due to the analogy between the boundary metric in the RF of transverse quarks
and metric (7.10) in [14], we used the Forced-Fluid/Gravity duality to absorb the
velocity of the Bjorken flow into the boundary metric. As a result we dealt only with
local temperature as the only fluid variable in [10].
Now we want to reproduce those results by use of our general covariant drag
formula obtained in previous subsection. Before proceeding, let us fix the notation:
Consider the one dimensional Bjorken flow in the x direction:
uµ(t, x, y, z) =
1√
t2 − x2 (t, x, 0, 0) , T (t, x, y, z) =
T0
(t2 − x2)1/6 . (5.7)
Consider a quark with velocity u˜µ = (u˜0, 0, 0, u˜z) in the labratory frame. In the
RF 23 of the quark, the fluid velocity and temperature turn out to be
bRF (T,X, Y, Z) = b0 (
√
(u˜0T + u˜zZ)2 −X2)1/3 ,
uµRF (T,X, Y, Z) = (U
0, 0, 0, UZ)
=
u˜0T + u˜zZ√
(u˜0T + u˜zZ)2 −X2 (u˜
0,
X√
(u˜0T + u˜zZ)2 −X2 , 0,−u˜
z) .
(5.8)
23Let us take the coordinates in this frame as (T,X, Y, Z).
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In order to use (4.23) and (4.31) we need to compute three independent derivative
terms. One can simply show that in the quark position, X = 0,
∂Tu
Z
RF = ∂Zu
Z
RF = 0 . (5.9)
So ∂T bRF = b˙ is the only derivative term contributing to the drag in RF. Now we
can rewrite (4.23) and (4.32) as following:
FZ1 =
1
2πα′
Uz
b2RF
[(U − F (√U0)) (1 + U20 )
U0
+
√
U0
U0
]
b˙ . (5.10)
In order to reproduce the drag force in desired form we first use equations (6.20) in
[10] to simplify (5.10):
1
U0
b˙RF =
U20 − U2z
U0
b˙RF = (−U0 b˙RF + Uz b′RF ) . (5.11)
To proceed we only need to change b˙. By use of (5.7) it can be replaced with:
b˙ = U0
b
3T
. (5.12)
Plaguing (5.11) and (5.12) in (5.10), FZ1 will be turned out to be in complete agree-
ment with (6.14) and (6.15) in [10]. In the convention of [10]:
FZ = FZ(0) + F
Z
(1) =
1
2πα′
UZ
b2RF
(1 + A U0b˙+ B UZb
′ + C
bRF
T
) (5.13)
with
A = −B = −1 + U
2
0
b
U ,
C =
1
3bU0
(√
U0 − (1 + U20 )F (
√
U0)
)
.
(5.14)
Finally, it would be interesting to discus a little bit more about the nature of the
correction terms in (5.13). As we saw in (5.9), there can not be present any correc-
tion terms with derivative of the velocity in RF. One does not have to think that
this is the only representation of derivative terms for Bjorken flow. Fluid dynamics
equations of motion allows us to present derivative terms in some various combina-
tions. For instance the second line of (5.10) which seems as a b derivative term here,
has appeared from ∂u term in [10]:
∂µu
µ = ∂µ(
t√
t2 − x2 ,
x√
t2 − x2 , 0, 0) =
1√
t2 − x2 =
1
τ
. (5.15)
Such freedom in presenting the correction terms can be used to exchange the deriva-
tive terms in same order with each other. As we have shown in (4.11), we have always
replaced the divergence of the velocity with some other derivative terms throughout
our computations24.
24In our present case, uα∂αuz vanishes.
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SO(3) All data Equations of motion I2 data
Scalars
(u˜.∂)(u˜.∂)(u˜.u)
(u˜.∂)∂µ(T
µν u˜ν) = 0
uν(u˜.∂)∂µT
µν = 0
(u.∂)∂µ(T
µν u˜ν) = 0
uν(u.∂)∂µT
µν = 0
∂µ∂νT
µν = 0
s1
s2
s3
s4
s5
uµ(u.∂)∂µ(u˜.u)
(u.∂)(u˜.∂)(u˜.u)
(u˜.∂)(∂.u), (u.∂) (∂.u)
∂2(u˜.u)
(u.∂)(u˜.∂)b, (u˜.∂)2b
uµ(u.∂)∂νb, ∂
2b
Vectors
p˜µα(u˜.∂)2uα, p˜
µα∂α(u˜.∂)(u˜.u)
(u˜.∂)∂β(p˜
µ
αT
αβ) = 0
p˜µα∂α∂ν(T
νβu˜β) = 0
(u.∂)∂α(p˜
µ
νT
αν) = 0
p˜µαuν∂α∂βT
νβ = 0
v
µ
1
v
µ
2
v
µ
3
v
µ
4
v
µ
5
p˜µα(u.∂)(u˜.∂)uα, p˜
µα∂2uα
p˜µαuβ(u.∂)∂βuα, p˜
µα∂α(∂.u)
p˜µα(u.∂)∂α(u˜.u)
p˜µα(u.∂)∂νb , p˜
µα(u˜.∂)∂νb
Table 5. I2 data.
6 Open questions
Our result reported in this paper may be encountered with several follow-up ques-
tions. We list some of them below and leave the answers to our future work.
Our main result in this paper is finding the general form of the covariant drag
force exerted on a quark moving through a general fluid flow perturbatively, up to
first order in derivative expansion. As the first extension one may be interested
in finding the second order derivative corrections. Basically it would be a solvable
problem. To proceed, firstly the most general two derivative terms contributing to
(2.3) have to be determined. These terms can be generally classified in two sets. The
first set of terms are independent two derivative data, I2 data, that have been listed
in Table 5 25. The second set, namely the I1,1 data, contains the products of one
derivative terms. This set of two derivative terms has been organized in table 6.
Accordingly, there are 17 scalar terms and 14 vector terms which may contribute
to the covariant drag force at second order. In order to specify the 31 unknown co-
efficient functions corresponding to these two derivative terms, we must implement
the second order analogue of our computations in section(4) 26. Will the pure vec-
25Considering the five(four) scalar(vector) equations of motion, one can drop every arbitrary
five-term(four-term) set of scalar(vector) data to introduce an inequivalent basis of scalar(vector)
terms, namely the si(v
µ
i ) terms.
26Throughout such computations, we will deal with X
(1)
i function. Using the results obtained in
this paper, we can integrate (3.8) to find them.
21
Scalars
s21, s
2
2, s
2
3, s1s2, s2s3, s3s1,
v21 , v
2
2, v
2
3 , v1.v2, v2.v3, v3.v1
Vectors
s1v
µ
1 , s1v
µ
2 , s1v
µ
3 ,
s2v
µ
1 , s2v
µ
2 , s2v
µ
3 ,
s3v
µ
1 , s3v
µ
2 , s3v
µ
3
Table 6. I1,1 data
torial corrections be absent at this order as well as their absence at first order(See
(??).)? If so, What can be the reason behind it? Any answer to this question will be
a prediction in the framework of holography, something unpredictable in a general
filed theory. This is a specific of the N = 4 SYM field theory.
Let us recall that the common point in [4], [5] and present work is that in all
of them a quark is restricted to move uniformly through the medium. The problem
of shooting a quark through the plasma and investigating its energy loss has not
been generally resolved yet and is remained as an open question. Although some
prescriptions have been suggested to compute the drag force at late times in the
plasma [4], there does not exist a clear picture explaining the whole-time dynamics.
It would be interesting to explore the problem firstly in the equilibriated plasma and
then in the hydrodynamic regime. In the latter case, if analytically possible, some
new derivative terms may appear due to the quark acceleration.
In another direction, our covariant formula might be used to study heavy quarks
moving through the Bjorken flow in the QGP experiment. Having the phenomeno-
logical rate of the energy loss of probe quarks, one may proceed to produce the RAA
plot analogue of what has been obtained in [15]. Such plot would be the full predic-
tion of AdS/CFT duality up to first order in derivative expansion. We leave more
study on the issue to our future work.
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7 Note Added in v3: Comparison with Lekaveckas-Rajagopal
Shortly after our paper was accepted for publication, a similiar work by Lekaveckas
and Rajagopal appeared on arXiv [16]. Their covariant drag formula has some devi-
ations from our covariant result.
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7.1 Dissagreements
As expressed in [16], the position of world-sheet horizon is unaffected by fluid gradi-
ants up to first order (see the paragraph below formula (4.6) in [16]). In addition as
stated by the authors of [16], there is an extra assumption behind our perturbative
structure (see paragraph below formula (2.24) in [16]). In the following we disscus
about these two comments .
Fisrt, in order to investigate whether the position of worldsheet horizon is af-
fected by fluid gradiant, we follow the method of finding a dynamical event horizon
developed in [13]. The worldsheet horizon is a null surface on the worldsheet. In the
equilibrium, this surface can be simply found by this requirement that the vector
normal to the surface S = r − rH = 0 be null:
nα = ∂αS : nαn
α = 0 (7.1)
which gives the familiar result rH =
√
u0
b
. Out of equilibrium however, the equation
of surface changes as
Sw.h.(λp(t, ~x)) = r − rH(λp(t, ~x)) = 0 (7.2)
where again, λp(t, ~x) denotes the set of hydro variables. Analogous to what the
authors of [13] have done to find the horizon of a black brane, one expects rH to
become a local function of hydro varibles here
rH(λp(t, ~x)) ≡ rH(λp(t, ~x(rH , t)). (7.3)
Since ~x(rH , t) denotes the profile of string in the bulk, rH is only a function of time
variable. So we may write:
nα = (nr, nt) = (1, − ǫ ∂rH
∂λp
dλp
dt
) (7.4)
with ǫ being the book keeping parameter which counts the number of derivatives.
Applying the null condition, we have
nαnα = g
αβnαnβ
= grr + 2 ǫ grt(−∂λ prH λ˙p) + ǫ2 gtt 2 (∂λ prH λ˙p)2
=
1
g
(
gtt + 2 ǫ grt(∂λ prH λ˙p) + ǫ
2 g2rr (∂λ prH λ˙p)
2
)
= 0.
(7.5)
In order to find the solution of the above equation in a derivative expansion we write:
r∗H = r
∗
(0)H(λp( ~x
∗, t)) + r∗(1)H(λp( ~x∗, t)) (7.6)
and after substituting this solution into equation (7.5) we reach to:
∂G
(0)
tt
∂rH
r∗(1)H = −g(1)tt (r∗(0)H)− ∂λ pr∗(0)H λ˙p. (7.7)
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If the RHS of (7.7) vanishes, the position of world-sheet horizon will not change at
least to first order in derivatives. By using the following formulas,
g
(1)
tt = G
(1)
tt + 2G
(0)
tz X˙
(0)
Z (7.8)
G
(1)
tt (r
∗
(0)) = −2F (
√
u0)
b
u2z
u0
∂zuz − 2b
(
u2zF (
√
u0)− (√u0)3
)
∂tb (7.9)
X˙
(0)
z (r∗(0)) =
(
arctan(
√
u0)− pi
2
)
∂t(uzb) +
uz
√
u0
1+u0
∂tb (7.10)
∂λ pr
∗
(0)H λ˙p =
1
2
(
1
2
∂t ln u0 − ∂t ln b
)
(7.11)
it would be a simple calculation to show that actually, the latter does not happen.
Therefore, no matter whether one finds the drag force via the method used in our
paper or through the method used in [16], we showed that the position of world-
sheet horizon is affected by the fluid gradiant at first order; in contrast to what has
been explicitly expressed in [16]. More importantly, that the position of world-sheet
horizon is affected or unaffected by the fluid gradiants, does not influence on our
results. In the next paragraph we will clarify this point.
Second, it has to be emphasized that in both [10] and this paper, we did not make
an assumpation as ”the effect of fluid gradients could be attributed to their effects
on the position of the world-sheet horizon in the dual gravitational description” as
stated in [16]. Instead, we have explicitly shown that to integrate the equations of
motion perturbatively, one could extend the method that is usually used to compute
the drag force in equilibrium[4, 5].
Our method is based on this simple fact that both in equilibium and in the
situation slightly deviated from equilibrium, the string is trailed all the way in the
bulk from boundary to the horizon of AdS black brane; let us remind that this is the
common point between [16] and our work. As a result, the square root in (3.8) must
be well-defined. In equilibrium, this condition fixes the value of π at the simple root
of numerator, namely at r =
√
u0
b
. Out of local equilibrium however, the coefficients
in equation B2m−AmCm = 0 are no longer constant; they are local function of hydro
variables with first order derivative corrections. Consequently, r =
√
u0
b
is now the
solution for B2m−AmCm = 0 only up to zero order in derivatives. We have explicitly
shown that r∗ = r∗(0) + r
∗
(1) solves this equation up to first order where r
∗
(1) is given
by (4.19). It is worth noting that at zero order, r∗ is preciesly the position of world-
sheet horizon. Comparing (4.19) with (7.6), it is straightforward to check that at
first order
r∗(1) 6= r∗(1)H . (7.12)
It can be clearly seen that we did not assumed that the root of numerator would be
corrected, in fact it was the derivative expansion that forced r∗ to get a first order
correction as well.
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Correspondingly, the corrected root of B2m − AmCm = 0 ,namely r∗, specifies
the value of Π at the same point. Therefore, without any assumptions, some new
contributions appear in the expression of drag force.
7.2 Agreements: Drag Forec in Bjorken Flow
As one of the applications of covariant drag force formula, in [16] the drag force
exerted on a quark moving in Bjorken flow has been computed. In what follows we
will show that although in a general flow the drag formula given in [16] dissagrees
with that of us given in current paper, in the Bjorken flow specially, the result of [16]
is exactly the same as what our formula gives.
The velocity of Bjorken flow in the laborotary frame may be given by (see [10]
for more details):
uµ = (
t
τ
, 0, 0,
z
τ
) = γ(1, 0, 0,
z
t
) , τ =
√
t2 − z2. (7.13)
The inverseof temperaturte is given by:
b(t, ~x) = b(τ) ∝ 1
τ 1/3
(7.14)
Suppose a quark produced at t = 0 and ~x = 0. In the z direction, the quark moves
with the same velocity of flow. In the transverse directions however, it may be pulled
with constant velocities v˜x and v˜y. We may write the four-velocity of quark as
u˜µ = γ˜
(
1, v˜x, v˜y, v˜z =
z
t
)
(7.15)
In order to utilize (5.6) for our present case, we first simplify the expressions of
S1, S2 and w
µ
S1 = − γ˜
√
1− z2/t2 = − γ˜
γ
S2 = b(τ)
wµ = γ
(
1− γ˜
2
γ2
, − γ˜
2
γ2
v˜x , − γ˜
2
γ2
v˜y ,
z
t
− γ˜
2
γ2
v˜z
)
.
(7.16)
Since the above objects are functions of z and t. only four following partial derivatives
may appear in our computations to first order:
∂tu
0 = − γ˜
2v˜2z
τ
, ∂tu
z = −∂zu0 = − γ˜
2v˜z
τ
, ∂tu
z = − γ˜
2
τ
. (7.17)
Using the abov ederivatives one can show that the only non-vanishing derivative
contribution in F µ comes from the derivative of S2:
F µ(0)+(1)(x) =
√
λ
2π S22
(
1 + α2(S1) (u˜.∂)S2
)
wµ (7.18)
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Simplifying the derivative term:
(u˜.∂)S2 = u˜
0∂tS2 + u˜
z∂zS2
= γ˜ b′
t
τ
+ γ˜ v˜z b
′ −z
τ
= b′
γ
γ˜
=
b(τ)
3τ
yields:
~f(τ) = −
√
λ
2π b(τ)2
γ˜
γ
(
1 + α2
(
γ˜
γ
)
b(τ)
3τ
)  v˜xv˜y
γ2v˜z v˜
2
⊥

 (7.19)
where F µ = γ˜fµ and v˜2⊥ = v˜
2
x + v˜
2
y . The coefficient function α2 can be read from
(5.5) as the following:
c(γ) =
√
γ + (1 + γ2)
(π
2
− arctan(γ)− F (γ)
)
. (7.20)
As we explicitly showed, the drag force exerted on a quark moving
through the Bjorken flow, namely (7.2), is exactly the same as formula
(4.5) in [16].27
Let us recall that the results reported in [16] and current paper dissagree with
each other for a general fluid dynamical flow. One may be interested to understand
why two different formulas give a common result in Bjorken flow. The things which
distinguish the formula (3.35) in [16] from the formula 5.6 in this paper are the
coefficients of terms with the velocity gradiants. In Bjorken flow however, these
terms all vanish and consequently the formula (4.5) in [16] coinsides with (7.2)
It would be also interesting to investigate why in a general fluid dynamical flow,
the result reported in [16] disagrees with our drag formula.
A Appendices
A.1 Lagrangian of the string
According to our gauge choice,
L =
√
g2rt − grrgtt (A.1)
with
grt = Gtt + 2 GtiX˙i + GijX˙iX˙j
grr = Grr + 2 GriX
′
i + GijX
′
iX
′
j
gtt = Grt + GriX˙i + GtiX
′
i + GijX˙iX
′
j
(A.2)
where for sake of brevity, we have dropped the argument of derivative terms.
27Note the authors of [16] computed the drag force with an extra minus sign as the force needed
to pull the quark uniformly in the flow.
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A.2 Coefficient functions in the Lagrangian (3.7)
Am = G
2
tm − GmmGtt + 2 (GtmGkm − GmmGtk)X˙k
+ (GimGkm − GmmGik)X˙iX˙k
(A.3)
Bm = GrtGtm − GrmGtt + (Gt˜iGtm −Gi˜mGtt)X
′
i˜
+ (GrtGim +GriGtm − 2GrmGti)X˙i
+ (GriGjm −GrmGij)X˙iX˙j + (Gt˜iGjm +GtmGi˜j − 2Gi˜mGtj)X
′
i˜
X˙j
+ (Gi˜jGkm − Gi˜mGjk)X˙jX˙kX
′
i˜
(A.4)
Cm =G
2
rt − GrrGtt + 2(GrtGri − GrrGti)X˙i + 2(GrtGt˜i −Gri˜Gtt)X
′
i˜
+ (Gi˜tGj˜t − GttGi˜j˜)X
′
i˜
X
′
j˜
+ (GriGrj − GrrGij)X˙iX˙j
+ 2(GrtGij˜ + GriGtj˜ − 2GtiGrj˜)X˙iX
′
j˜
+ 2(Gij˜Gtk˜ − GtiGj˜k˜)X˙iX
′
j˜
X
′
k˜
+ (Gik˜Gjk˜ −GijGk˜l˜)X˙iX˙jX
′
k˜
X
′
l˜
(A.5)
A.3 Quark in a globally boosted thermal plasma
Since the thermal state and its dual gravity are time independent, the Xi(r, t) in (3.2)
will be just functions of r coordinate. Let us start by the boost direction, considering
Xm(r) for the case of m = z. Using (A.2) it is straightforward to obtain
X
′
z(r) =
r2uz
r4f(br)
± πz(r)
r4f(br)
√
r4u2z − r4f(br)u20
πz(r)2 − r4f(br) . (A.6)
The numerator of the square root in the second term has a simple root at r∗ =
√
u0/b.
In order to string to be trailed from boundary to the horizon, the denominator must
vanish at the same point. This requirement fixes the value of πz at r
∗:
πz(r
∗) = −uz
b2
. (A.7)
Integrating (3.3) gives exactly the same constant value for πz(r) at any other point
on the string. So, the z component of the covariant drag force and the z-component
of the embedding are determined as we have demonstrated in table 3.
In the case of transverse directions we again utilize (A.2) to rewire equation (3.8)
for m = x, y directions:
X
′
x,y(r) = ±
πx,y(r)
r4f(br)
√
−(r4f(br)− u2z/b4)
πx,y(r)2 − (r4f(br)− u2z/b4)
. (A.8)
Just like in the boost direction the numerator vanishes at r∗. But in contrast to (A.6)
there is no similar way here to remove the sign change of the numerator. The only
possibility is to force πx,y(r) to vanish everywhere on the world-sheet. As a result,
there would be no drag force in these directions (see (3.5),(3.6)). In addition (A.8)
directly gives the x and y components of the embedding as it i shown in table 3.
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A.4 Intermediate steps of computation in m = z direction
A.4.1 The coefficient functions
Notice that the first therm in each of following three expressions is a ”local” zero
order term which according to convention below (4.6), has a first derivative Taylor
part contributing to first order corrections in the patch. However we have argued
that in order to determine r∗ through computing B2z − AzCz, we only need to write
down these coefficients at (t,−→x ) = (0, 0).
Az = r
4f(br) +
2u0uz
r2f(br)
G
(1)
tz − r2(
u20
r4f(br)
− 1)G(1)zz − r2(
u2z
r4f(br)
+ 1)G
(1)
tt (A.9)
Bz = −r2uz + 2(uzG(1)tt − u0G(1)tz )− u0r2X˙(0)z (A.10)
Cz = u
2
0 + 2u0uzX˙
(0)
z (A.11)
As we have seen in the text, the correction part of these coefficients are always
evaluated at r = r∗(0). In the following we only give those corrections that contribute
to the next expressions, evaluated at r = r∗(0):
G
(1)
tz (r
∗
(0)) =
1
b
√
u0 ∂tuz − 1
b
(2u20F (
√
u0)− uz√
u0
) ∂zuz − 2uz
b2
(u0F (
√
u0) +
√
u0) ∂tb
G
(1)
tt (r
∗
(0)) = −
2u2z
u0 b
∂zuz − 2uz
b2
(uzF (
√
u0)− (
√
u0)3
uz
) ∂tb
(A.12)
Notice that since in (A.9) the term containing G
(1)
zz vanishes at r∗(0), G
(1)
zz does not
arise in our computations and we do not need to know its expression.
Another useful expression is:
X˙(0)z (r
∗
(0)) =
(
arctan(
√
u0)− π
2
)
∂t(uzb) +
uzrb
1 + r2b2
∂tb (A.13)
A.4.2 EoM in detail to first order
fz =
∂L
∂z
= ǫ
−1
2πα′
1
2
∂z
(
A(0)z (X
(0)
z )
′2 + 2B(0)z (X
(0)
z )
′ + C(0)z
)
+O(ǫ2)
= 0 + O(ǫ2)
(A.14)
Πtz(r, t) =
∂L
∂X˙z
=
−1
2πα′
(
u20 − 2uzr2 (X(0)z )′ + r4f(rb) (X(0)z )
′2
)
+ O(ǫ)
=
1
1 + r2b2
u0uz + O(ǫ)
(A.15)
Notice that in the equation above, we have written only zero order part of the Πtz(r, t).
The reason for this is that EoM contains time derivative of Πtz(r, t) which is one upper
order than Πtz(r, t) itself.
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In the expression below we give the manipulated integral term of (4.22):
(−2πα′)
∫ ∞
r∗(t)
(fz − ∂tΠtz) dr = − ǫ U
1
b
(
u0 +
u2z
u0
)
∂tuz
+ ǫ V 1
b2
u0uz ∂tb + O(ǫ
2)
(A.16)
with
U = π
2
− arctan(
√
u0) ,
V = − U +
√
u0
1 + u0
.
(A.17)
A.5 Intermediate steps of computation in m = {x, y} = T directions
AT = −r4( u
2
0
r4b4
− 1)− r2
(
G
(1)
tt + (
u20
r4b4
− 1) G(1)TT
)
− 2r4 u0uz
r4b4
X˙(0)z (A.18)
BT = −u0 G(1)tT + r2
(
u0uz
r4b4
G
(1)
tT − (
u20
r4b4
− 1) G(1)zT
)
X˙(0)z (A.19)
CT = 1 + 2 (uzG
(1)
tt − u0G(1)tz ) (X(0)z )′ − 2r2uz (X(1)z )′
+ r2
(
2(
u0uz
r4b4
)G
(1)
tz − (
u2z
r4b4
+ 1)G
(1)
tt + (
u20
r4b4
− 1)G(1)zz
)
(X(0)z )
′2
+ 2 f(br) (X(0)z )
′(X(1)z )
′ + 2 u0uz(1− (X(0)z )′) X˙(0)z
(A.20)
Notice that In (4.25) we have written the zero order part of these coefficients.
Recall that for T directions, Lagrangian is given by:
L =
√
ATX
′2
T + 2BTX
′
T + CT . (A.21)
Considering the coefficients given in above and that the XT appears at first order
in gradient expansion, we understand that ATX
′2
T + 2BTX
′
T can not contribute to
fT up to first order. Notice that derivative with respect to T increases the order of
every term present in L by one. So the only term whose T derivative might survive
to first order is the zero order part of C which is itself a constant independent of all
coordinates. Consequently,
fT = 0 + O(ǫ
2) (A.22)
The other necessary quantity is ΠtT = ∂L/∂X˙T . As it was noted above there do
not exist any T derivative terms in L up to first order. It means that:
ΠtT = 0 + O(ǫ
2) (A.23)
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